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Abstract This paper studies a numerical solution of multiple hole problem by using a boundary
integral equation. The studied problem can be considered as a supposition of many single hole
problems. After considering the interaction among holes, an algebraic equation is formulated, which is
then solved by using an iteration technique. The hoop stress around holes can be ﬁnally determined.
One numerical example is provided to check its accuracy. c© 2011 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1103105]
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The stress concentration problems for holes have
attracted much attention of researchers. A variety of
methods were suggested to solve the hole problem in
an inﬁnite plate.1−9 However, most of these methods
were limited to the circular or elliptic hole. For a single
hole problem, the boundary integral equation (BIE) for
its exterior region was suggested.10 This paper studies a
numerical solution of multiple hole problem by using the
BIE, where the problem can be considered as a suppo-
sition of many single hole problems. After considering
the interaction among holes, an algebraic equation is
formulated, which is then solved by using an iteration
technique. The hoop stress around holes can be ﬁnally
determined. The shape of holes can be arbitrary. One
numerical example is provided at the end to check its
accuracy.
Recently, a boundary integral equation for an exte-
rior region using complex variable was suggested10
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Fig. 1. Superposition method for the solution of perturba-
tion ﬁeld.
Here G denotes the shear modulus of elasticity, κ =
3− 4ν in plane strain case, and ν is the Poisson’s ratio.
In Eq. (2), Q(t) = σ
N
(t) + iσ
NT
(t) denotes the traction
applied on the boundary and U(t) = u(t)+iv(t) denotes
the boundary displacement (Fig. 1).
In addition, the traction at a domain point τ in
Fig. 1 can be evaluated by10
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It is assumed that the remote loading is σ∞y = p,
and many holes are placed in an inﬁnite plate. The
original stress ﬁeld can be decomposed into a uniform
ﬁeld and a perturbation ﬁeld. In fact, we need only to
solve the boundary value problem for the perturbation
ﬁeld, as shown in Fig. 1(a). The boundary condition
can be written as
Qk = Q˜k, (k = 1, 2, · · · ,M), (8)
where Q˜k (k = 1, 2, . . . ,M) is traction vector applied on
the k-th hole, which is composed of components σ˜N (t)
and σ˜NT (t) along the boundary.
The multiple hole problem shown in Fig. 1(a) can be
considered as a superposition of many single hole prob-
lems with undetermined traction on the individual hole
(Fig. 1(b)). The traction vector applied on the j-th hole
is denoted by Qj . Using the principle of superposition,
we can get the following algebraic equation
Qk +
M∑
j=1
′BkjQj = Q˜k, (9)
where
M∑
j=1
′ denotes that the term j = k should be ex-
cluded in the summation. Clearly, the inﬂuence matrix
Bkj can be evaluated by using Eqs. (1)–(8). In compu-
tation, the following iteration scheme is suggested
Q
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′BkjQ
(i)
j . (10)
Generally, we take Q
(1)
j = 0 (j = 1, 2, ...,M) in the ﬁrst
round computation.
An example is presented to examine the achieved
accuracy for the suggested method (Fig. 2). In the
example, we assume that two elliptic holes are in se-
ries. The elliptic hole has half-axis “a” and “b” and the
spacing between the two holes is denoted by “c”. The
remote loading is denoted by σ∞y = p. In the solution
of BIE, 96 divisions are used for the discretization of
elliptic contour. It is known that for the single hole
case, the maximum hoop stress at the crown point is
pc =
(
1 +
2a
b
)
p. For the following cases: b/a= 0.25,
1/3, 0.5 and 1.0 and c/a=0.1, 0.2, . . . , 1.0, the hoop
stresses at the point “H” and “F” are denoted by
σ
T,H = sH (b/a, c/a)pc,
σ
T,F
= s
F
(b/a, c/a)pc,
with
pc =
(
1 +
2a
b
)
p. (11)
Fig. 2. Two elliptic holes in series under the remote tension
of σ∞y = p.
The computed non-dimensional stress concentration
factors s
H
(b/a, c/a) and s
F
(b/a, c/a) are listed in Ta-
ble 1. It is found that in the case of b/a=0.25 and
c/a=0.1, or a rather narrow spacing case, the stress
concentration factor can reach a huge value, e.g. σ
T,F
=
1.908pc = 17.172p (pc = 9p in case of b/a=0.25). In ad-
dition, for the case of b/a=1/3, the computed results
are found in good agreement with those obtained by
other researcher.6
Some advantages can be found from the suggested
formulation. First, the formulation can be applied to
arbitrary hole conﬁguration. Secondly, the suggested
BIE in conjunction with iteration can provide accurate
results for stress concentration factors, as shown in the
example.
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Table 1. Non-dimensional stress concentration factors sH(b/a, c/a) at point H and sF (b/a, c/a) (at point F ) under the
remote loading of σ∞y = p (see Fig. 2 and Eq. (10))
b/a
c/a
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.25 1.152 1.119 1.100 1.086 1.076 1.068 1.062 1.056 1.052 1.048
1/3 1.155 1.121 1.100 1.086 1.076 1.067 1.061 1.055 1.050 1.046
sH(b/a, c/a) 1/3
∗ 1.150 1.120 1.090 1.080 1.070 1.065 1.060 1.050 1.045 1.040
0.50 1.162 1.126 1.104 1.089 1.077 1.068 1.061 1.055 1.050 1.045
1.00 1.171 1.137 1.116 1.100 1.087 1.077 1.069 1.062 1.056 1.050
0.25 1.908 1.480 1.327 1.247 1.197 1.164 1.139 1.120 1.106 1.094
1/3 2.049 1.523 1.339 1.247 1.192 1.156 1.131 1.112 1.097 1.086
sF (b/a, c/a) 1/3
∗ 2.060 1.510 1.330 1.240 1.180 1.150 1.130 1.110 1.090 1.080
0.50 2.338 1.656 1.403 1.276 1.203 1.156 1.125 1.103 1.087 1.074
1.00 2.864 2.028 1.674 1.474 1.345 1.258 1.195 1.150 1.116 1.090
Note: ∗ from Ref. 6
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